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Abstract
The evolution of the Universe is traditionally examined by monitoring how its material content evolves as it expands. This
model of an isolated system is as expressed as the equation of motion of the bulk but segmented into different epochs. In
particular, the evolution of the Friedman-Leimetre-Robertson-Walker (FRLW) Universe is separated into different epochs that
are characterised by the dynamics of whichever mass-energy constituent is dominant at the time. The standard analysis of the
evolution of the Universe in a particular epoch often considers the evolution of the dominant energy density only; disregarding
all others. Whereas this represents the limiting case, in principle the contributions from others cannot always be disregarded
particularly in the vicinity of the equality of the various mass-energy densities or the transition periods between epochs. We
examine the evolution of the total energy density rather than individual energy densities during the different epochs. We find
that taking into account the contributions from the various constituents leads to a broader range of possibilities evolution
histories which enriches the standard picture. This article looks at these possibilities.
I. INTRODUCTION
The dynamics of the various epochs in the evolution
history of FRLW Universes is relatively well understood.
The significance of relativistic and non-relativistic mat-
ter in the expansion rate of the universe is equally well
catered for the the standard modelling approaches. In
fact the domination of one or the other is known to be
markedly distinct given the different rates of evolution
of the constituent material . Our theoretical knowledge
of differences underpin the current understanding of the
evolutionary history of the Universe[1, 2]. In particu-
lar, it is accepted that when the early universe was ≈
47,000 years in cosmic time or about z = 3600, the mat-
ter (collectively) density became greater than the radi-
ation energy. However, photons could not freely stream
as the Universe was optically thick. This is thought to
have lasted until the Universe was about 378,000 years
(z = 1100). Although the radiation era ends z = 3600
it might seem as iff it ends at z = 1100 which is not
the case. However this transient period suggest that the
dynamics of both matter and radiation are important in
our understanding of the evolution of the Universe. In
effect considering only the dominant density may lead
to a loss of critical information. We attempt to remedy
this situation by considering all contributors to the total
mass-energy density.
The paper is organised as follows: Section (II) reviews
Friedmann equations. Section (III) discusses the mass-
energy composition of the universe and how the total
evolves. The effect of the interacting dark sector on the
evolution of the total energy density is modelled in sec-
tion (IV) and the various epochs considered. Discussions
and conclusions are found in section (VI).
II. FRIEDMANN EQUATIONS
Our present picture of the Universe is encapsulated
in the hot big-bang cosmological model (the reader is re-
ferred to [3, 4]). This is a mathematical description based
on the isotropic and homogeneous Friedmann-Lemaire-
Robertson-Walker (FRLW) solution of general relativity.
The evolution of the Universe is manifested in the cos-
mic scale factor a(t)[5]. The evolution of the scale factor
is governed by the Friedmann equations which take the
form:
a˙2
a2
=
8piG
3
ρTot − k
a2
+
Λ
3
(1)
2
a¨
a
+
a˙2
a2
= −8piGpTot − k
a2
+ Λ, (2)
letting c = 1. Since the hubble radius H = a˙/a, equation
(1) can be appropriately normalised to read
1 =
8piG
3H2
ρTot − k
a2H2
+
Λ
3H2
, (3)
providing a simple yet effective way of discussing the
mass-density composition of the universe.
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III. THE EVOLUTION OF TOTAL MASS-
ENERGY DENSITY
Let us represent the total density of the universe at
a particular time in its cosmic history by ρTot. This
total is made up different types of contributors which in-
clude radiation (relativistic particles), baryonic matter,
non-baryonic matter, other types of mass-energy densi-
ties and the cosmological constant. For ease of reference,
we will use the following notation to denote these con-
stituents of the total mass-energy density: namely ρr
(radiation), ρnb(non-baryonic which will later be identi-
fied as dark-matter ), ρb(ordinary or baryonic matter), ρo
(other forms of mass-energy density which will later be
identified as dynamical dark energy[8]) and ρΛ (The cos-
mological constant). We have not made any assumption
about dark-energy and cosmological constant, although
as argued in [9], it may be impossible to distinguish cos-
mological constant and vacuum energy. Dark energy or
vacuum energy is a form of energy that is postulated
to be responsible for the observed late-time accelerated
expansion of the Universe [10]. The total mass-energy
density is therefore given,
ρTot = ρr + ρb + ρnb + ρo + ρΛ. (4)
It is known that the evolutionary history of the universe
is the best model taking into consideration that at dif-
ferent periods different energies densities dominate. To
determine what is dominant is customary to compare the
ratios of each contributor to the total.
1 =
ρr
ρTot
+
ρb
ρTot
+
ρnb
ρTot
+
ρo
ρTot
+
ρΛ
ρTot
. (5)
This not to be confused with the ratio ρr/ρcrit where
ρcrit = 3H
2/8piG with κ = 0. Equation (3) may be
formulated in terms of the various energy densities as
follows:
1 =
8piG
3H2
ρTot
(
ρr
ρTot
+
ρb
ρTot
+
ρnb
ρTot
+
ρo
ρTot
+
Λ
8piGρTot
)
=
ρTot
ρcr
(
ρr
ρTot
+
ρb
ρTot
+
ρnb
ρTot
+
ρo
ρTot
+
ρΛ
ρTot
)
= Ωr + Ωb + Ωnb + Ωo + ΩΛ. (6)
Recent analysis of WMAP data [11] gives a larger value of
matter density, Ωn+Ωnb, that seem to be in conflict with
the value of the Hubble constant obtained from the Cos-
mic Microwave Background (CMB) [12], even compared
to those from supernovae and lensing [13, 14]. It is not
clear if new physics is required to explain these dispari-
ties, a subject much of recent debate [15]. In our context,
we would like to examine how the incorporation of the
constituent ratios which evolve as the universe expands
affects the growth of the total energy-mass density.
It should obvious from equation (6) that:
ρcri ≡ ρTot. (7)
It is therefore sufficient, in this case, to use ratios with
respect to ρTot.
1 =
ρr
ρTot
+
ρb
ρTot
+
ρnb
ρTot
+
ρo
ρTot
+
ρΛ
ρTot
. (8)
Let us now create a generic template. If we denote these
ratios as follows
ρr/ρTot = α (9)
ρb/ρTot = β (10)
ρnb/ρTot = γ (11)
ρo/ρTot = δ (12)
ρΛ/ρTot = ξ (13)
then the sum is
α+ β + γ + δ + ξ = 1 (14)
ρTot = ρTot(α+ β + γ + δ + ξ). (15)
It is obvious that these are cosmic time depended ratios
i.e. α = α(t) etc and suggesting that the time derivative
of equation (15) is satisfied when
α˙ 6= 0 6= β˙ 6= 0 6= γ˙ 6= 0 6= δ˙ 6= 0 6= ξ˙ (16)
α˙+ β˙ + γ˙ + δ˙ + ξ˙ = 0 (17)
This means that ratios evolve in such a way that their
sum always has the value zero. The crucial take away is
that densities evolve in such a way that the sum of these
fractions remain unit. In the present analysis, we will
assume that non-baryonic matter makes up dark-matter
(DM) and baryonic matter is normal matter and will be
represented by (m). We will replace ’other’ energy den-
sity with ’dynamical dark energy’ (DDE). If we replace
the cosmological constant, Λ, with non-dynamical dark
energy (NDE) then, it is should be clear that dark-energy
is a sum of the two.
IV. INTERACTING DARK SECTOR AND EF-
FECT ON EVOLUTION OF TOTAL ENERGY
DENSITY
In this section we examine the evolution of the total
mass-energy density of a FLRW universe composed of ra-
diation (ρr), baryonic matter (ρm), dark matter (ρDM ),
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dynamical dark-energy (ρDDE) and non-dynamical dark-
energy (ρNDE). We assume each has a barotropic equa-
tion of state and hence,
ρ˙r = −θ(1 + ωr)ρr (18)
ρ˙m = −θ(1 + ωm)ρm (19)
ρ˙DM = −θ(1 + ωDM )ρDM +Q (20)
ρ˙DDE = −θ(1 + ωDDE)ρDDE −Q. (21)
ρ˙NDE = 0, (22)
where Q is the coupling term between dark-matter and
dynamical dark energy. The barotropic equation of state
assumption is not critical and can be relaxed if a broader
picture is required. This is not of interest to us in this
study. The coupling of dark matter to dark energy could
have profound effect on structure formation and the evo-
lution thereof, for example it has been demonstrated in
[16] that a momentum coupling of the dark sector could
lead to a suppression of structure formation. We also
note that ωDDE = −1 implies ρ˙DDE = 0 = ρ˙NDE which
renders DDE in distinguishable from NDE as pointed
out in [9]. But let us consider the evolution of the total
mass-energy density. It follows that
ρ˙Tot = ρ˙r + ρ˙m + ρ˙DM + ρ˙DDE + ρ˙NDE (23)
ρ˙Tot = ρ˙r + ρ˙m + ρ˙DM + ρ˙DDE + ρ˙NDE
= −θ
(
4
3
α+ β + γ(1 + ωDM ) + δ(1 + ωDDE)
)
ρTot,
(24)
where we have assumed that m is but ’dust’ whose equa-
tion of state is ωm = 0, while radiation’s equation of state
is ωr = 1/3. It follows that the generic form of the total
energy density scales as
ρTot ∝ a−3( 43α+β+γ(1+ωDM )+δ(1+ωDDE)). (25)
This expresses the total density in terms of EOS and the
fraction of the fraction of each constituent. It is clear that
for pure radiation α = 1 and hence ρTot = ρr = Cra
−4.
The case pure matter is given by setting β = 1 so that
ρTot = ρm = Cma
−3. Whereas the cosmological constant
remains constant, the different evolution patterns of the
other constituents ensures that the ratios change over
time. By fixing the ratios, we can obtain the evolution
equation for the total energy density for each epoch. The
simplest case is obtained by using the following ansatz
for the equation of state of the dark-sector constituents;
ωDM = 0 and ωDDE = −1. Interacting dark-sector’s
contribution to the evolution of the total energy density
although hidden in these equations has the potential to
alter the standard picture. The complexity is not aided
when ωDDE ≈ −1. In the ensuing sections, we consider
different epochs and how total mass-energy evolves in
such epochs.
V. EPOCHS AND TRANSITIONS
In this section, we examine how the equation (24) gets
modified given restrictions that define the various epochs
and the transitions between these epochs. We approach
this by looking at the fractional composition of the total
energy density. In general, equations (14) and (24) yield;
ρ˙Tot = −
(
1 +
1
3
α− ξ + γωDM + δωDDE
)
θρTot,(26)
for which one can define an effective equation of state for
the total mass-energy density of the form
ωeff =
1
3
α− ξ + γωDM + δωDDE . (27)
Equation (26) forms the basis of the investigation in the
rest of the paper. Let’s do this sequentially beginning
with radiation dominated era.
A. Radiation Dominated Epoch
In this epoch, the fraction of radiation energy is greater
than the sum of the other mass-energies i.e. α > β+ γ+
δ + ξ and in particular, 0.5 < α ≤ 1. It follows from
equation (27) that
δωDDE + γωDM +
1
6
− ξ ≤ ωeff ≤ 1
3
+ δωDDE + γωDM − ξ.
(28)
It is obvious that when considering radiation dominated
era ξ << 1 ( fraction of Λ is negligible), δ << 1 ( fraction
of DDE is negligible) and ωDM = 0. Thus.
1
6
≤ ωeff ≤ 1
3
The upper limit coincides with the value often quoted for
this epoch. As previously stated this era whose dynamics
is dominated by the relativistic-particle content ends at
z = 3600. This epoch is close recombination. In terms
of physics, the temperature falls below 104K allowing
the ionised material to form neutral hydrogen. We know
that observational astronomy is only possible from this
point on. Before this, the ionised material prevents pho-
ton propagation via the Thomson scattering mechanism.
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It known that this mechanism sets a limit on the red-
shift of observational interest to approximately z = 1000
unless ωr is very low or Λ energy is important, matter-
domination is, therefore, a good approximation to reality.
The case where ωr is not low or where Λ is important will
lead to the adjustment in the maximum redshift limit. In
reality, the transition which appears sudden in compar-
ison to the age of the universe is but gradual in cosmic
time. This suggests that there is a need for defining and
examining a transition-era between radiation and matter
domination epochs.
B. Matter-Radiation Equality Epoch
At the matter-radiation equality
ρr = ρm + ρDM (29)
Since the energy densities have different rate of
growth/decay it is clear that the matter density equality
does not last, in fact starting with radiation ratio higher
than matter ratio (radiation-domination), then equality
and finally the matter ratio becoming greater than radia-
tion ( matter-domination). In this brief epoch α = β+ γ
and in terms of fractional balance
2α+ δ + ξ = 1. (30)
It follows that 0.25 ≤ α < 0.5 for δ 6= 0 (i.e non neg-
ligible DDE, recall that it interacts with DM but this
is compensated for in equal measure in equation (30)).
This yields
1
12
− δ ≤ ωeff ≤ 1
6
− δ, (31)
here too ξ << 1. In general δ is comparatively small in
this transition and in standard analysis taken to be neg-
ligible. However, this is a simplifying assumption where
caution is advised.
C. Matter- Dominated Epoch
This epoch began approximately after 47000 years i.e.
after the radiation-matter equality. The present ratios of
matter and radiation were first determined from obser-
vation in [26]. But the ratios at the onset of the matter-
dominated epoch was markedly different. By matter, we
mean baryonic ( ordinary matter) and non-baryonic mat-
ter ( such as dark matter). These ratios are often com-
pared to those of the other constituents. The amount of
energy in the form of radiation in the universe today can
be estimated using the Stefan- Boltzmann law.
ρphoton =
4
c
σT 4, (32)
where c is the speed of light and σ is Stefan’s constant.
Assuming a blackbody-radiation-filled universe at a tem-
perature of 2.7 K, one finds energy-mass density of pho-
tons and neutrinos to be 0.4 MeV . This is minute when
compared to 500 MeV which is the estimated amount of
ordinary matter mass density today [17].
In theory, this epoch started with β + γ ≥ 0.5 and
β + γ ≥ α+ δ + ξ and from equation (27) implies
ωeff = β + γ − 1,
(33)
and hence − 12 ≤ ωeff ≤ 0. The upper limit is, again,
what is often quoted in literature. The is a second
equality-era is that has not been examined as much and
less written about. This is the transition matter and Λ.
We look at this next.
D. Matter-Λ Equality
In this transition period β+γ = δ so that the effective
equation of state is
ωeff =
1
3
α− ξ + δωDDE + γωDM . (34)
α << 1 and ωDM = 0. But 0.5 ≤ δ + ξ < 1 and if
ωDDE = −1 then
−1 < ωeff ≤ −1
2
.
Observations suggest that at present δ+ξ ≈ 0.70 (i.e. the
fraction of dark energy ( dynamical and non dynamical).
E. Cosmological Constant Dominated Epoch
The cosmological constant is appealing in modelling of
the evolution of the Universe because it enables better
agreement between theory and observation. Generically,
the gravitational pull exerted by the matter in the uni-
verse slows the expansion imparted by the Big Bang. The
expansion can be estimated measurements involving su-
pernovae. These observations seem to indicate that the
universe is expanding at an accelerated rate raising the
prospects of that a strange form of energy that has an
effect that is the opposite of the standard gravitational
4
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FIG. 1. The evolution of Radiation (ρr), Matter (ρM ) and
Dark energy density with redshift. Inserted is the evolution of
total energy density(ρTot). Although |zend − zstart|, is com-
paratively small, it is not negligible.
pull. The cosmological constant seems to satisfy proper-
ties of such a strange form of energy. Nevertheless, it is
not been conclusively established that dark energy is the
non-dynamical cosmological constant [5, 18–22, 24, 25].
We mention, without delving into a discussion, something
of issues related to the cosmological constant, dark en-
ergy and the expansion of the universe. They include the
fine-tuning problem and the cosmic coincidence problem.
For a dark energy (DDE + Λ) dominated universe, we
have
ρ˙Tot = −
(
1 +
1
3
α− ξ + δωDDE + βωDM
)
θρTot.(35)
but α << ξ and ωDM = 0 yielding an effective equation
of state of the form:
ωeff = −ξ + δωDDE . (36)
The bound ρ˙Tot = 0 is analogous to an effective equation
of state of the form −1 ≤ ωeff . This implies
−ξ + δωDDE = −1. (37)
There are several ways to interpret equation (37):
(1) we could follow that standard folklore and allow
ωDDE = −1, which leads to ξ + δ = 1 or simply
that the sum of dark sector fractions makes the total
mass-energy density of the universe as a scenario that is
yet to be reached. (2) The second possibility is to the
equation in the form ωDDE = (ξ − 1)/δ , δ 6= 0, which
is negative since ξ and δ are positive fractions less than 1.
VI. DISCUSSION AND CONCLUSION
It is customary to express the separate evolution of
densities against scale factor as is shown in the lower
section of figure (1). The different epochs are then sepa-
rated by points of intersection of the curves representing
the various energy densities. The salient implication is
that one single type of energy density dominates while all
others play negligible or no role in the evolution of the
total energy density. In this brief analysis, we have con-
sidered the evolution of the total energy density given
the relative importance of the various constituents en-
ergy densities. This allows for a range of possibilities
given the relative importance of a comparative fraction
for each contributor. It is important to emphasise that
the standard picture in figure (1) emerges as the limit-
ing case. Several issues need to be borne in mind; (i) we
have assumed that the mass-energy material content of
the universe is of perfect fluid form, (ii) the universe of
the Friedmann type with κ = 0, (iii) that the interact-
ing dark sector has no noticeable effect on the evolution
of the total mass-energy density. These assumptions can
be relaxed and the ensuing system of equations analysed
to obtain corrections to the standard model. Needless to
say that the various ranges obtained here cater for a vari-
ety of matter-forms form, for example, domain-wall with
ω = −2/3[7]. The effective equations of states for the
total energy density discussed above have the potential
of altering how fields evolve. For example, the evolution
of cosmological magnetic fields [23] which may couple
electrically to radiation and gravitationally to matter.
Neglecting how one component evolves will, therefore,
lead to an over- or under-estimation of the field strength.
Some of these assertions will be examined in future.
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